Dynamic control of atomic dressing to the highly-excited Rydberg state in multi-level systems has special appeals owing to the development of flexible and precise measurement. In this study we develop an experimentally-accessible proposal to robustly control the dressing probability via a threestep cascaded excitation with double electromagnetically induced transparency (EIT) technique. The system can function as an optical switch where the third addressing laser serving as the control knob can switchably engineer the dressing probability with time. Differing from a conventional twophoton EIT, this novel scheme facilitates the maximal dressing probability determined by a relative strength between two coupling fields, entirely relaxing the absolute values for strong lasers. The collective feature caused by the interactions of a few atoms is also studied leading to an enhanced dressing probability as well as a reduced response time. Our work offers the oppotunity to a coherent dynamic control of Rydberg excitation and to realize sizable Rydberg-Rydberg interactions in weakly-driven quantum systems.
I. INTRODUCTION
Rydberg dressed atoms working in a regime with only a small fraction of excited atoms, promises the sizable long-range interaction to megahertz as well as the enhanced lifetime up to a few seconds [1, 2] . They have great prospectives for the studies of strongly correlated many-body physics [3] [4] [5] [6] , the laser-driven quantum magnetism [7, 8] and the micro-devices for quantum information processing [9] [10] [11] . The route to Rydberg dressing can be accessible via Rydberg electromagnetically induced transparency (Rydberg-EIT) [12] [13] [14] which stimulates resonant optical driving by the establishment of a dark state weakly dressed to a Rydberg level [15] , opening up new research avenues for nonlinear quantum optics [16] .
The optical control of resonant dipole-dipole interactions has been realized in a four-level protocol with two upper Rydberg levels coupled by a microwave field, inducing exchange interaction between them [17] . Such a multi-step scheme to highly-excited Rydberg states is sufficiently appealing because it enables a Rydberg state to be easily reached by nearby levels with inexpensive lasers [18, 19] . Besides, it experimentally benefits from a kick-free and Doppler-free excitation that can produce a narrow resonance linewidth. So far, a few pioneer works studying EIT effect in a four-level atomic system have originated from Agarwal [20] and Harris [21] , describing the absorption of two photons controlled by quantum interference between the two excitation paths. Later, a number of theoretical works studying the nonlinear optical feature are represented in similar systems [22] [23] [24] . Recently a more complex four-step excitation scheme is achieved in which the uppermost Rydberg state has a large dipole moment [25] .
However, most studies have been limited to the steadystate property of the probe field, revealing stable transmission signals in e.g. hollow-core fibers [26] ; a coherent dynamic control for the atomic dressing to a Rydberg level is still rarely reported, mainly caused by the complexity of multiple lasers in multi-level systems. Recently Zhang etc. studied the transient probe absorption response of a Rydberg-EIT by a sudden switch-on of the coupling field, bringing one-step closer to this target [27] ; while a complete study of dynamic control and response remains elusive.
In the present work, we propose to study practical dynamic dressing process to a target Rydberg level with a three-step cascaded excitation. A usual two-step EIT can couple a ground state to a long-lived nS or nD-type state by the transition rules [28] [29] [30] [31] . Here the uppermost state is nP -type, one has to use at least a three-step cascaded excitation where the third addressing field modified to be a time-dependent square-wave pulse serving as a control knob, results in a split for the probe field transmission window, naming as double Rydberg-EIT [32] . In spite of the complexity of system, we observe that the maximal dressing probability is only sensitive to the relative strength between two strong coupling lasers while their absolute values are nearly irrelevent. A generalized constraint for realizing an optimal dressing probability is proposed, which is Ω 20 /Ω 1 ≈ γ/Γ and Ω 1 /Ω p ≫ 1 with the laser amplitudes Ω 20 , Ω 1 , Ω p .
In addition, we study the transient response in the system and describe the role of Rydberg blockade in the reduction of response time, accompanied by an enhanced dressing probability due to the collective feature on darkstate resonance by interacting atoms [33] . The effect is improved with the number of atoms. An experimental feasibility is discussed by switchably turning on or off the addressing field with fullly flexible parameters, demonstrating the realization of a robust atomic dressing excitation by saving the laser powers on demand in the implementation. Our results provides a new treatment to simulate the process of multi-level Rydberg dressing with optimal dressing probability and response time, facilitating its extensive uses in developing all-optical switches and transistor devices [34] [35] [36] [37] .
II. THEORETICAL MODEL AND STEADY STATE
As displayed in Fig.1 (a) our model consists of a cascaded three-step excitation to the Rydberg state |r following |g → |m → |e → |r , performed by one weak probe laser Ω p , one strong coupling laser Ω 1 and one addressing coupling laser Ω 2 (t). Specially, the addressing laser Ω 2 (t) with amplitude Ω 20 is a time-dependent pulse sequence acting as a control knob to the process. The system can be described by a double-EIT scenario where the third laser with detuning ∆ r = 0 results in a split transparent resonance for the probe absorption by dark-state resonance with the three bright dressed states |Φ 0,± [ Fig.1(b) ]. In the absence of Ω 2 it works as a conventional EIT between |g and |e , suppressing the dressing probability on state |r . An experimental setup is presented in Fig.1(c) where the three-step excitation is played by the lasers with wavelengths 852nm, 1470nm, and 790nm, respectively. The measurement can be performed by using an ultra-short high-voltage electric pulse for ionization of Rydberg state atoms, accompanied by a time of flight spectra detecting ions or electrons [38] .
In the interaction frame the Hamiltonian H N for one atom can be described by ( = 1)
(1) whereĤ N,0 = −[∆ mσN,mm + (∆ m + ∆ e )σ N,ee + (∆ m + ∆ e + ∆ r )σ N,rr ] describes the atomic self-energy under resonance: ∆ e = ∆ r = 0. Hereσ N,αβ = |α N β| is the projection operator. The subscript N=1 means the case of one atom. In experiment the detuning ∆ m can be easily tuned by the probe laser frequency for observing the probe transmission. Γ and γ are the spontaneous decay rates of middle excited |m(e) and Rydberg levels |r , typically γ/Γ = 0.01.
The steady state solutions can be analytically solved.
, the subspace with |m , |e , |r is composed of three dressed bright states |Φ 0 and |Φ ± , given by
with eigenvalues
, which are coupled to the ground dark state |D = |g with eigenvalue E 0 = 0. Note that |Φ ± is unsuited for atomic dressing due to its non-negligible occupancy on state |e , i.e. P 1,e ≡ 1 2 ; however if P 1,m = (Ω 20 /Ω ef f ) 2 ≪ 1, |Φ 0 is a good candidate for dressing based on its resonance with |D at ∆ m = 0 as well as its complete immunity to the middle excited state |e .
The steady probe absorption and the Rydberg dressing probability can be directly solved from the master equation:
where the Lindblad operator taking into account dissipative processes can be demonstrated aŝ
with αβ ∈ {gm, me}. In the weak probe limit where all population is assumed to be in the ground state by letting ρ where X 1 = Γ + 2i∆ m , X 2 = γ + 2i∆ m and Γ m = Γ e = Γ, Γ r = γ. The probe absorption and dispersion can be solved from the imaginary and real part of ρ s gm , and the steady dressing probability ρ s rr labeled by P 1,r to the first-order approximation takes a complex form as represented in the Appendix A.
For an intuitive understanding, relevant eigenvalues with respect to ∆ m are comparably plotted in Fig.2 
(a).
It is clear that there exists an zero-energy dark state E 0 , avoidedly crossed by E Φ0 and E Φ± at ∆ m = 0, ±Ω ef f /2, arising enhanced probe absorption there, see Fig.2 
(b).
The peak probe absorption labeled by (ρ I gm ) s as well as the Rydberg dressing probability P 1,r at ∆ m = 0, ±Ω ef f /2 versus Ω 20 /Γ are also represented in Fig.2(cd) . In a conventional EIT scenario with Ω 20 = 0 the probe laser experiences no absorption in the center(∆ m = 0), arising zero excitation probability there. By increasing Ω 20 the central resonant absorption induced by the constructive quantum interference between |g → |Φ + and |g → |Φ − obtains a substantial growth, accompanied by a slight reduction for the off-resonant absorptions at ∆ m = ±Ω ef f /2. All analytical expressions labeled by circles in Fig. 2 perfectly agree with our numerical simulations.
For improving the dressing probability it requires a direct connection between |g and |Φ 0 at the avoided crossing, see Fig.2a (green arrow). From Eq.(2), the occupancy in |m must be minimized by P 1,m = (Ω 20 /Ω 1 ) 2 ≪ 1, agreeing with the finding in Fig.2d that the optimal dressing probability P opt 1,r occurs at Ω 20 /Ω 1 ≈ 0.1(quite small) because of the assumption of γ/Γ = 0.01. In fact, via a differential calculation to Eq.(A3) we obtain a generalized condition
by which an optimal value P opt 1,r ≈ 0.16 is achievable with the constraint that Ω p ≪ Ω 1 . In other words, an optimal dressing probability in our model is only determined by the relative strength between two strong coupling lasers Ω 1 , Ω 20 , rather than their absolute values, providing a more flexible selection of lasers in the implementation. Additionally, note that if Ω 20 is even larger, for ∆ m = 0 P 1,r has a quick decrease owing to the effect of |m while at off-resonance P 1,r is kept to be zero due to its poor dressing probability with |Φ ± . To this end we will focus on the case of ∆ m = 0.
III. DYNAMIC ATOMIC DRESSING TO A RYDBERG STATE
In experiment, a study of transient behavior for dynamic dressing to a Rydberg state is significantly important, requiring a sensitive measurement. Here we theoretically investigate the dynamic dressing excitation of system with a time-dependent pulse Ω 2 (t), simluating switch-off and switch-on cases with respect to Ω 2 (t) = 0 and Ω 2 (t) = Ω 20 . Intuitively, when Ω 2 (t) is turned off, it completely closes the excitation and if Ω 2 (t) is turned on, the dressing dynamics experiencing a fast response speed (∼ µs), arrives at a new higher steady state, see the inset of Fig.3b . Numerical results are obtained by directly solving the optical Bloch equations (A1) in the Appendix A where the dephasing effects acting on coherence due to transit time broadening and laser intensity variations are ignored.
The performance of such an optical switch can be quantified by two important parameters P on 1,r and τ 1,r(d) , (i) The excitation probability P on 1,r with the superscript on for the switch-on case. Note that P of f 1,r ≡ 0 due to Ω 2 (t) = 0 in the switch-off case. Greatly differing from a two-photon EIT, the middle laser Ω 1 brings in an auxiliary adjustment, allowing P on 1,r → P opt 1,r with flexible parameters.
(ii) The transient response speed τ 1,r(d) represents the required time for attaining a new steady state after a sudden switch of Ω 2 (t). τ 1,r and τ 1,d respectively stand for the rise time and the fall time and the subscript 1 means one atom.
As represented in Fig.2d the dressing probability P ∆ m , Ω 20 , and an obvious enhancement on resonance is verified. So we only consider ∆ m = 0 later. An enlarged view in the inset of (a1) reveals a similar behavior as Fig.2d (black solid) that P on 1,r has a continuously decreasing after its peak value at Ω 20 /Ω 1 ≈ γ/Γ, strongly proving the importance of ratio Ω 20 /Ω 1 for realizing an optimal value P opt 1,r . To improve the dressing probability letting P on 1,r → P opt 1,r , in Fig.3(a2) we globally study the dependence of P on 1,r on relative optical Rabi frequencies Ω 1 /Ω p , Ω 20 /Ω 1 . It is remarkably noting that the dressing probability robustly sustains it optimal value by satisfying
Here Ω 1 /Ω p ≥ 50 is the least requirement. In other words the absolute values of optical Rabi frequencies are fully independent in our scheme, providing us a more flexible way to realize an improving Rydberg dressing probability with much reduced laser powers.
For gaining a deep and complete insight, we further study the transient response speed by dynamically switching on or off the addressing laser Ω 2 (t), and record the required responce times for a new steady state after the switches. Figure 3 
to a higher-n Rydberg state, it needs more time to be stable, see Table I for a detailed discussion. In contrast, the rise time τ 1,r exhibits a rapid decrease with the increase of Ω 20 /Ω 1 , essentially caused by a stronger excitation between |e and |r with a larger Ω 20 or a smaller Ω 1 , reducing the time for attaining stable. Also it needs to stress again that only the relative strengths of optical Rabi frequencies not their absolute strengths play roles, because different Ω 1 values give rise to exactly same response times in our proposal.
In Appendix B we give more informantion for comparing the response speeds between the probe absoption and dressing dynamics. To our knowledge, a sudden switch of the addressing field Ω 2 (t) can cause a transient optical response for the probe field absorption, subsequently arising a tendency towards a new steady state within a small time. The response time for the probe absorption is predicted to be faster than for the yield of steady dressing probability. In our calculations the response speed for dressing process is (1 ∼ 10)µs, and for the probe absoption is only (0.1 ∼ 1.0)µs To briefly summarize, based on a four-level cascaded system, we find that the optimal dressing probability P opt 1,r [≈ 0.16] is only determined by a relative strength between two strong coupling fields Ω 1 and Ω 20 , rather than their absolute values when Ω 1 /Ω p ≫ 1 is met, offering a great challenge to save the laser powers in an experimental implementation. However we also note that at Ω 20 /Ω 1 ≈ γ/Γ the rise time τ r is relative longer ∼ 300Γ −1 , see black dotted line in Fig.3b , which can be improved by considering a few interacting atoms, promoting us to study the effect of collective feature in the next section.
IV. SIZABLE RYDBERG-RYDBERG INTERACTIONS
In this section we investigate how the van der Waals(vdWs) interaction affects the transient dressing dynamics in a few atomic system. To our knowledge, a two-atom system is the simplest model to study the collective feature that has been widely achieved in experments [39] [40] [41] . For that reason we adopt two atoms with tunable vdWs interactions denoted as V vdW , performed by varying the interatomic spacing R. For the interaction strength much larger than Rabi frequencies, the collective Rabi oscillation will be enhanced by a factor of √ 2, leading to an enhancement for the dressing probability [42] ; however it may fail due to the breakup of the blockaded condition [43] or the resonance by anisotropic interactions [44] .
Presently, we employ an approach of the two-atom (A and B) master equation where the Hilbert space is expanded by full 4 2 basis vectors, giving rise to a 4 2 × 4 density matrix ρ, governed by
describes the vdWs interaction between two Rydberg atoms (the superscripts "A" and "B" refer to different atoms), andL
is the Lindblad operator with αβ ∈ {gm, me}, presenting the effect of spontaneous decays. For comparison we also adopt two important parameters, denoted by P on 2,r describing the singly-excitedstate dressing probability in the presence of Ω 2 as well as τ 2,r(d) for the response speed of P 2,r (t). Intuitively, P on 2,r is predicted to be enhanced by √ 2 with respect to P on 1,r by the effect of collective excitation. In fact, this factor can exceed √ 2 in multi-level systems with comparable Rydberg interactions [45] . For comparison, numerical results based on three interacting atoms are simultaneously shown.
Numerical solving Eq. (8) gives rise to an observable measurement for the singly-excited-state dressing probability P 2,r (t) as well as the response behavior τ 2,r(d) . Here we pay attention to the dressing probability P on 2,r under the switch-on case, and a complete time-dependent output will be studied in section V. In section III we have found an optimal dressing probability of single atom, which is P opt 1,r ≈ 0.1607 by satisfying a generalized condition of Ω 20 /Ω 1 = γ/Γ and Ω 1 /Ω p ≫ 1. Turning to the picture of two or more interacting atoms, due to the collective feature induced by strong interatomic interactions, P opt 2,r and P opt 3,r reveal an explicit improvement whose enhancement factor approximately equals to √ N (N is the number of atoms) in the strong blockade regime as represented in Fig.4a . In the weak blockade regime P opt N,r is estimated to be bigger due to definition P opt 2,r = P A 1,r + P B 1,r − 2P AB 2,rr that a strong blockaded interaction would reduce the probability of one of two atoms' excitation, making the value P opt 2,r smaller. Fig.4c gives a full view of optimal singly-excited-state dressing probability P opt N,r with the atomic number N , supporting a robust enhancement.
Correspondingly, in Figure 4b we also explore the response speeds τ 2,r(d) , τ 3,r(d) by the effect of vdWs interaction. The collective feature will induce a fasterresponding dynamic property. As increasing V vdW both the rise and fall times reveal an observable decrease. The physical description for a faster response time is that a stronger interaction strength makes the Rydberg state out of resonance, allowing the relaxation process mainly affected by a big decay from the middle excited states. However, τ 2,r(d) tends to be unchanged when the interaction strength is sufficiently strong that the excitation of two atoms is completely blockaded. Fig.4d shows the response time under full blockade versus the increase of atomic number, and it is found that the fall time τ N,d is kept to be a constant as similar as predicted by Fig.3b , that is only determined by the Rydberg decay γ. More interestingly the rise time τ N,r shows an obvious decrease with N , providing more prospectives with faster response time and more efficient dressing probability in a N -atom ensemble.
V. OPTIMAL EXPERIMENTAL IMPLEMENTATION
A practical dynamic dressed-atom generation via coherent control pulses can be considered using Cs atoms with relevant states |g = |6S 1/2 , |m = |6P 3/2 , |e = |7S 1/2 , |r = |26P 3/2 , carried out by an experimental setup like Fig.1c . In the calculations some parameters are estimated to be constant i.e. Γ/2π = 6.0MHz, Ω p /2π = 0.6MHz [46] . For two-or more-atom case, we assume a strong blockaded interaction by considering C 6 /2π = 140GHzµm 6 and the interatomic spacing R = 3.64µm, giving rise to V vdW /2π = 60MHz [47] .
For a comparable representation, in Figure 5 we study the real dynamic output of atomic dressing probability P N,r (t) to the singly-excited Rydberg state by considering different Rydberg decay rates: γ/2π = 60kHz (left panels) and γ/2π = 30kHz (right panels). For γ/2π = 60kHz it is verified that the optimal dressing probability P opt N,r occurs at Ω 20 /Ω 1 = γ/Γ = 0.1 with the constraint that Ω 1 /Ω p ≥ 50 (i.e. Ω 1 ≥ 30MHz), by which exactly same probabilities are shown see (a1-a2). Compared to (a1), the results in (a2) benefits from an even lower laser Rabi frequency under the parameter optimization. However once one of two constraints breaks, the dressing probability will have a big reduction, see (a3) and (a4), strongly supporting the importance of two generalized constraints.
For comparison, while lowering the decay rate to γ/2π = 30kHz it is observed that the required laser powers for a same output value can be further reduced even by one order of magnitude [see (a4) and (b4)]. That means, exciting to a higher-n Rydberg level can save more laser powers which is more favorable by experimentalists. However, we also note that for a small γ the system suffers from a slightly longer fall time τ N,d , as demonstated in section III.
Specific parameters in (a2) and (b2) are summaried in Table I presenting a quantitative comparison for the realization of optimal dressing probability and corresponding responce speed in the scheme. In plotting Figure 5 (a2) we have used the least but optimal constraint for dressing probability, that is Ω 20 /Ω 1 = 0.1 and Ω 1 /Ω p = 50, leading to the maximal dressing probability P opt N,r = 0.1607, 0.2423, 0.2929 respectively for atoms N = 1, 2, 3. Obviously, with the increase of N the collective feature of strongly interacting atoms allows the rise time to be significantly reduced from 6.87µs to 3.74µs while the fall time keeps unvaried ∼ 10.398µs, comparably to the experimental data [∼ µs] for collective Rabi oscillation and excitation dynamics with Rydberg states [48] [49] [50] . By decreasing γ to 2π × 30kHz, for realizing same maximal dressing probabilities, the required coupling laser Ω 1 can even reduced to 2π × 17.7MHz.
Finally it is remarkable that, compared to the laser Rabi frequencies typically scaled by ∼ 100MHz for a cascaded excitation in current Rydberg experiments [51] , we propose a new scheme that can save the laser intensities to be (0.1 ∼ 10)MHz on average, accompanied by an optimation for the transient response behavior, robustly facilitating its future use in preparation of higher-n Rydberg atoms with cascaded multi-level systems.
VI. CONCLUSIONS
We propose a four-level cascaded scheme for switchable collective dressing excitation using a double Rydberg-EIT where the control operation is played by the third addressing laser with time-dependent property that directly connects to the Rydberg level. Special attention is paied on the optimization of dressing probability that a generalized condition to an optimal value is attainable which exactly depends on the relative strength of two strong coupling fields. Besides we also explore the transient responses of system by a sudden switch of the pulsed laser, demonstrating the required responce time towards a new steady state. While turning to a few atoms with strong interactions both the optimal dressing probability Rydberg decay key parameters atomic number response speed optimal dressing probability γ(2π×kHz) Ω1 (2π×MHz) Fig.5(a2) and (b2) are quantitatively given for comparing the optimal dressing probability P opt N,r and its corresponding response speeds τ N,r(d) . By reducing the decay rate γ one can realize same values of dressing probability with a lower laser power of Ω1, however arising a longer fall time τ N,d at the same time. The rise time τN,r is observed to be shorter by decreasing γ due to the growth of Ω20/Ω1. and the response time are improved due to the collective feature in the blockade regime.
Remarkably our scheme provides a fresh way to save the laser powers (only depend on the relative strength) in dressing ground atoms to Rydberg levels, facilitating a robust and efficient Rydberg dressed-atom generation with reduced laser powers and optimal response times. An extension to a few-atom ensemble promotes extra advantages in developing a more efficient excitation probability with deeply reduced rise time, widely broadening its applications in controllable many-body physics as well as the quantum control of multi-level drivings. 
Noting that (ρ
gm ) s ∝ Ω p arising that the strengths of probe absorption and dispersion linearly increase with the probe laser intensity. By substituting ρ s gm [Eq.(6)] into (A1) and settingρ ij = 0 we are able to solve a complex expression for the steady dressing probability of Rydberg state under the first-order perturbations, labeled by P with respect to ∆ m = 0 and ∆ m = ±Ω ef f /2, accordingly. Due to the complexity these analytical expressions are plotted in Fig.2(b-d) by circles, as compared to our numerical results. A perfect agreement is revealed strongly supporting the correctness of our calculations. Besides by doing derivation of Eq.(A3) to the ratio Ω 20 /Ω 1 it arrives to an approximated equation Ω 20 /Ω 1 ≈ γ/Γ by which a maximal steady probability P opt 1,r can be attainable. In this appendix, we numerically study different transient responses for the probe absorption ρ I gm (t) as well as the Rydberg dressing probability P 1,r (t) by doing a sudden switch of Ω 2 (t), demonstrating that the required time for the atomic dressing is longer than for the probe absorption. The numerical search algorithm is carried out by tracking the minimal time required towards to a new steady state through suddenly switch-on or switchoff of the control pulse. Figure 6 (a) shows the shape of an one-period control pulse Ω 2 (t) where the operations of switch-on or switchoff occur at t = 18.57µs and 37.14µs, respectively. With the incidence of such a pulse we numerically calculate the realistic dynamics of ρ I gm (t) and P 1,r (t) as displayed in Fig. 6(b-c) , where the rise and fall times are importantly denoted. In general it is observed that both ρ I gm (t) and P 1,r (t) represent in-phase evolutions towards its new steady states with respect to Ω 2 (t), however accompanied by quite different response times. A quantitative comparison of response times is given in Table II presenting that the rise and fall times of P 1,r (t) is relatively longer, caused by a small decay rate of highly-excited Rydberg state.
In addition it is notable that the fall time τ 1,d of ρ I gm (t) is significantly reduced by more than one order of magnitude, accordingly in the inset of Fig. 6 (b) the behavior ρ I gm (t) has an ultra-fast damped oscillation to be stable. The reason for that is due to the relaxation process in a driven-dissipative system, quantitatively agreeing with the timescale as found in Ref. [27] . Therefore we conclude that a practical operation on preparing Rydberg-dressed atoms requires a timescale of (1 ∼ 10)µs, longer than the
